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Abstract
We introduce a notion of measure contracting actions and show
that Koopman representations corresponding to ergodic measure con-
tracting actions are irreducible. As a corollary we obtain that
Koopman representations associated to canonical actions of Higman-
Thompson groups are irreducible. We also show that the actions of
weakly branch groups on the boundaries of rooted trees are measure
contracting. This gives a new point of view on irreducibility of the
corresponding Koopman representations.
1 Introduction
One of the most natural representations that one can associate to a measure
class preserving action of a group G on a measure space (X, µ), where µ
is a probabilty measure, is the Koopman representation κ of G in L2(X, µ)
defined by:
(κ(g)f)(x) =
√
dµ(g−1(x))
dµ(x)
f(g−1x).
This representation is important due to the fact that the spectral properties
of κ reflect the measure-theoretic and dynamical properties of the action such
as ergodicity and weak-mixing.
It is known that for an ergodic action operators κ(g) together with opera-
tors of multiplication by functions from L∞(X, µ) generate the algebra of all
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bounded operators on L2(X, µ). A natural question is whether the operators
κ(g), g ∈ G generate the algebra of all bounded operator by themselves, that
is whether κ is irreducible. Below are several examples of group actions with
quasi-invariant measures for which the Koopman representation is known to
be irreducible:
• actions of free non-commutative groups on their boundaries ([12] and
[13]);
• actions of lattices of Lie-groups (or algebraic-groups) on their Poisson-
Furstenberg boundaries ([7] and [3]);
• action of the fundamental group of a compact negatively curved mani-
fold on its boundary endowed with the Paterson-Sullivan measure class
([2]);
• natural actions of Thompson’s groups F and T on the unit segment
([14]);
• action of the group of compactly supported contactomorphisms of a
contact manifold ([15]);
• actions of weakly branch groups on the boundaries of the corresponding
rooted trees ([11]).
However, the general question in what cases the Koopman representation is
irreducible remains open.
In the present paper we introduce a notion of ameasure contracting action
and show that Koopman representations corresponding to ergodic measure
contracting actions are irreducible. Using the above we show that Koop-
man representations corresponding to natural actions of Higman-Thompson
groups are irreducible and reconsider the Koopman representations of weakly
branch groups presented in [11]. We also notice that the measure contract-
ing property applies to other interesting group actions. For example,  Lukasz
Garncarek pointed to the author that the results of the present paper can be
used to prove irreducibility of the Koopman representation of the group of
inner automorphims of a foliation.
Apparently, the most famous group from the family of Higman-Thompson
groups is the Thompson group F2,1 consisting of all piecewise linear con-
tinuous transformations of the unit interval with singularities at the points
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{ p
2q
: p, q ∈ N} and slopes in {2q : q ∈ Z}. This group satisfies a number of un-
usual properties and disproves several important conjectures in group theory.
The group F2,1 is infinite but finitely presented, is not elementary amenable,
has exponential growth, and does not contain a subgroup isomorphic to the
free group of rank 2. An important open question is whether the group F2,1 is
amenable. Further discussion of historical importance of Higman-Thompson
groups and their various algebraic properties can be found in [6], [8], and [4].
Each of the groups Gn,r and Fn,r acts canonically on [0, r]. Denote by λr the
Lebesgue probability measure on [0, r]. We show the following:
Theorem 1. Let G be a group from the Higman-Thompson families {Fn,r},
{Gn,r}. Then the Koopman representation of G corresponding to the canon-
ical action of G on ([0, r], λr) is irreducible.
After the first version of the present paper was submitted to the arXiv
 Lukasz Garncarek called the author’s attention to [14] where irreducibility of
a more general class of Koopman type representations (with Radon-Nikodym
derivative twisted by a cocycle) of the Thompson groups F = F1,2 and T is
proven. In fact, Garncarek’s methods readily adapt to Koopman representa-
tions of Higman-Thompson groups. Thus, Theorem 1 can be attributed to
Garncarek. However, the proof obtained here is different.
In [10] the author of the present paper jointly with Medynets showed
that Higman-Thompson groups have only discrete set of finite type factor-
representations using the notion of a compressible action. We notice that the
notion of measure contracting actions we introduce in the present paper is
loosely related to the notion of compressible actions.
The second class of representations we consider is Koopman representa-
tions of weakly branch groups. A group acting on a rooted tree T is called
weakly branch if it acts transitively on each level of the tree and for every ver-
tex v of T it has a nontrivial element g supported on the subtree Tv emerging
from v (see e.g. [1] and [16]). Weakly branch groups posses interesting and of-
ten unusual properties. The class of weakly branch groups contains groups of
intermediate growth, amenable but not elementary amenable groups, groups
with finite commutator width etc.. Weakly branch groups also play impor-
tant role in studies in holomorphic dynamics (see [18]) and in the theory of
fractals (see [17]).
For a d-regular rooted tree T its boundary ∂T can be identified with
a space of sequences {xj}j∈N where xj ∈ {1, . . . , d}. For a collection of
positive real numbers p = {p1, . . . , pd} with p1 + . . . + pd = 1 let µp be
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the corresponding Bernoulli measure on ∂T . In [11] the authors showed the
following:
Theorem 2. Let G be a subexponentially bounded weakly branch group acting
on a regular rooted tree and p be as above such that pi are pairwise distinct.
Then the Koopman representation associated to the action of G on (∂T, µp)
is irreducible.
Here subexponentially bounded group means a group consisting of subexpo-
nentially bounded (in the sense similar to polynomial boundedness of Sidki
[19]) automorphisms of T . In the present paper using the results of [11]
we show that actions of subexponentially bounded weakly branch groups on
(∂T, µp) (with pi pairwise distinct) are measure contracting. This gives a
different view on the proof of Theorem 2 presented in [11].
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2 Measure contracting actions.
Definition 1. Let G act on a probability space (X, µ) with a quasi-invariant
measure µ. We will call this action measure contracting if for every measur-
able subset A ⊂ X and any M, ǫ > 0 there exists g ∈ G such that
1) µ(supp(g) \ A) < ǫ;
2) µ({x ∈ A :
√
dµ(g(x))
dµ(x)
< M−1}) > µ(A)− ǫ.
Here supp(g) = {x ∈ X : gx 6= x}. For a measure space (X, µ) denote by
L(X, µ) the von Neumann algebra generated by operators of multiplication
by functions from L∞(X, µ) on L2(X, µ). Let B(X, µ) be the algebra of all
bounded linear operators on L2(X, µ). For a set of operators S ⊂ B(X, µ)
denote by
S ′ = {A ∈ B(X, µ) : AB = BA for all B ∈ S}
the commutant of S. The following result is folklore.
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Theorem 3. Let group G act ergodically by measure class preserving trans-
formations on a standard Borel space (X, µ). Then the von Neumann algebra
M˜κ generated by operators from Mκ and L
∞(X, µ) coincides with B(X, µ).
Proof. By von Neumann bicommutant theorem (see e.g. [5], Theorem 2.4.11)
it is sufficient to show that the commutant M˜′κ consists only from scalar
operators. Let A ∈ M˜′κ. Since L(X, µ) is a maximal abelian subalgebra of
B(X, µ) (see e.g. [9], Lemma 8.5.1) we obtain that A ∈ L(X, µ). That is, A is
the operator of multiplication by a functionm ∈ L∞(X, µ). Since A commute
with κ(g) for all g ∈ G the function m is G-invariant (m(gx) = m(x) for all
g ∈ G for almost all x ∈ X). By ergodicity, m is constant almost everywhere.
Therefore, operator A is scalar. This finishes the proof.
The main result of this section is the following:
Theorem 4. For any ergodic measure contracting action of a group G on
a probability space (X, µ) the associated Koopman representation κ of G is
irreducible.
Proof. First, for every measurable subset A ⊂ X fix a sequence of elements
gAm such that
1) µ(supp(gAm) \ A) <
1
m
,
2) µ({x ∈ A :
√
dµ(gAm(x))
dµ(x)
< 1
m
}) > µ(A)− 1
m
for everym ∈ N. For a subset B ⊂ X denote by PB the orhtogonal projection
onto the subspace
HB = {η ∈ L2(X, µ) : supp(η) ⊂ X \B}.
Let us show that for every measurable subset A ⊂ X one has
w − lim
m→∞
π(gAm) = P
A, (2.1)
where w − lim stands for the limit in the weak operator topology.
Fix a measurable subset A ⊂ X . Introduce the sets
Am = {x ∈ A :
√
dµ(gAm(x))
dµ(x)
< 1
m
}, Bm = supp(g
A
m) \ Am.
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Notice that
µ(A \ Am) <
1
m
and µ(Bm) <
2
m
.
To prove (2.1) it is sufficient to show that for any η1, η2 ∈ L
2(X, µ) one has
(π(gAm)η1, η2)→ (P
Aη1, η2)
whenm→∞. Since the subspace of essentially bounded functions L2(X, µ)∩
L∞(X, µ) is dense in L2(X, µ) we can assume that η1 and η2 are essentially
bounded. Let Mi = ‖ηi‖∞, i = 1, 2. We have:
|(π((gAm)
−1)η1, η2)− (PAη1, η2)| =
∣∣∣∣ ∫
X
√
dµ(gAm(x))
dµ(x)
η1(g
A
mx)η2(x)dx−∫
X\A
η1(x)η2(x)dx
∣∣∣∣ 6 1m∣∣∣∣ ∫
Am
η1(g
A
mx)η2(x)dx
∣∣∣∣+∣∣∣∣ ∫
Bm
√
dµ(gAm(x))
dµ(x)
η1(g
A
mx)η2(x)dx
∣∣∣∣ + ∣∣∣∣ ∫
Bm
η1(x)η2(x)dx
∣∣∣∣ 6
1
m
M1M2 + |(π((g
A
m)
−1)η1, PX\Bmη2)|+ 2√mM1M2 → 0
when m → ∞, since ‖π((gAm)
−1)η1‖ = ‖η1‖ (in the norm on L2(X, µ)) and
PX\Bmη2 → 0 when m → ∞. Observe that for every g ∈ G one has
(π(g−1)η1, η2) = (π(g)η2, η1). This finishes the proof of (2.1). In particu-
lar, we obtain that PA ∈Mκ for every measurable subset A ⊂ X .
Observe that every function from L∞(X, µ) can be approximated arbitrar-
ily well in L2-norm by finite linear combinations of characteristic functions
of open sets. This implies that for every m ∈ L∞(X, µ) the operator of
multiplication by m
H → H, f → mf
can be approximated arbitrary well in the strong operator topology by finite
linear combinations of projections PA ∈ Mκ, and thus belongs to the von
Neumann algebra Mκ generated by operators κ(g), g ∈ G. It follows that
Mκ contains the algebra L(X, µ). Using Theorem 3 we obtain that Mκ
coincides with B(X, µ). This finishes the proof of Theorem 4.
Remark 1. Garncarek pointed to the author that the proof of Theorem
4 works to show irreducibility of a more general class of Koopman type
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representations. Namely, representations of the form:
(κγ(g)f)(x) = γ(g
−1, x)
√
dµ(g−1(x))
dµ(x)
f(g−1x),
where γ : G×X → {z ∈ C : |z| = 1} is any cocycle.
3 Higman-Thompson groups
Let us briefly recall the definition of Higman-Thompson groups. For details
we refer the reader to [6], [8], and [4].
Definition 2. Fix two positive integers n and r.
(1) The group Fn,r consists of all orientation preserving piecewise linear home-
omorphisms h of [0, r] such that all singularities of h are in Z[1/n] = { p
nk
:
p, k ∈ N} and the derivative of h at any non-singular point is nk for some
k ∈ Z.
(2) The group Gn,r is the group of all right continuous piecewise linear bi-
jections h of [0, r) with finitely many discontinuities and singularities, all in
Z[1/n], such that the derivative of h at any non-singular point is nk for some
k ∈ Z and h maps Z[1/n] ∩ [0, r) to itself.
Proposition 1. Let G be a group from the Higman-Thompson families
{Fn,r}, {Gn,r}. Then the canonical action of G on ([0, r], λr) is ergodic.
Proof. Since Fn,r < Gn,r without loss of generality we can assume that G =
Fn,r for some n, r. Let A be a G-invariant measurable subset of [0, r] such
that 0 < λr(A) < 1. Denote by Λ the set of segments I ⊂ (0, r) of the form
I =
[ (n−1)p
nm
, (n−1)(p+1)
nm
]
, where p,m ∈ N. Corollary A5.6 from [4] implies that
for any I1, I2 ∈ Λ there exists g ∈ G which maps I1 onto I2. Replacing, if
necessary, g on I1 by the linear orientation preserving map sending I1 onto
I2 we may assume that g
′(x) is constant on I1. G-invariance of A implies
that
λr(A ∩ I1)
λr(I1)
=
λr(A ∩ I2)
λr(I2)
.
It follows that λr(A∩I)
λr(I)
does not depend on I ∈ Λ. Since every measurable
subset B ⊂ [0, r] can be approximated by measure arbitrarily well by finite
unions of segments from Λ we obtain that the ratio λr(A∩B)
λr(B)
is the same for all
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measurable subset B ⊂ [0, r] with λr(B) > 0. Taking B = A and B = [0, r]
we arrive at a contradiction which finishes the proof.
Proposition 2. Let G be a group from the Higman-Thompson families
{Fn,r}, {Gn,r}. Then the canonical action of G on ([0, r], λr) is measure
contracting.
Proof. Since Fn,r < Gn,r it is sufficient to consider the case G = Fn,r. Intro-
duce a sequence gm of elements of G as follows:
gm(x) =

x, if 0 6 x < r
n2m
,
nmx− r
nm
+ r
n2m
, if r
n2m
6 x < r
nm
,
r − r
nm
+ x
nm
, if r
nm
6 x 6 r.
(3.1)
Observe that λr({x ∈ [0, r] :
√
dλr(gm(x))
dλr(x)
> n−m}) = n−m.
For any segment I ⊂ [0, r] of the form
I =
[
r p
nm
, r p+1
nm
]
, (3.2)
where m ∈ N and p ∈ Z+, let JI be the unique increasing affine map sending
[0, r] onto I. Introduce elements gIm ∈ Fn,r by
gIm(x) =
{
JIgmJ
−1
I (x), if x ∈ I,
x, otherwise.
We will call a set A ⊂ [0, 1] admissible if it is a finite union of segments of the
form (3.2). For an admissible set A ⊂ [0, r] and any sufficiently large m ∈ N
fix a partition A = I1 ∪ I2 ∪ . . . ∪ Ik, where each of Ij is of the form (3.2)
and Ij intersect Il for l 6= j by at most one point, and set g
A
m = g
I1
mg
I2
m · · · g
Ik
m .
Clearly, one has
supp(gAm) ⊂ A and λr({x ∈ A :
√
dλr(gm(x))
dλr(x)
> n−m}) = n−mλr(A).
Since any measurable subset of [0, r] can be approximated by measure arbi-
trarily well by admissible sets the latter implies that the action of G on [0, r]
is measure contracting.
As a Corollary of Propositions 1 and 2, and Theorem 4 we obtain Theorem
1.
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4 Weakly branch groups.
First, let us give a brief introduction to weakly branch groups. See e.g. [1]
and [16] for details.
A rooted tree is a tree T with vertex set divided into levels Vn, n ∈ Z+,
such that V0 consists of one vertex v0 (called the root of T ), the edges are
only between consecutive levels, and each vertex from Vn, n > 1 (we consider
infinite trees), is connected by an edge to exactly one vertex from Vn−1 (and
several vertexes from Vn+1). A rooted tree is called spherically homogeneous
if each vertex from Vn connected to the same number dn of vertexes from
Vn+1. T is called d−regular, if dn = d is the same for all levels. For a
vertex v of a rooted tree T denote by Tv the subtree emerging from v. The
automorphism group Aut(T ) consists of all automorphisms of T (as a graph)
preserving the root.
Definition 3. Let T be a spherically homogeneous tree and G < Aut(T ).
Rigid stabilizer of a vertex v is the subgroup ristv(G) consisting of element
g acting trivially outside of Tv. Rigid stabilizer of level n is
ristn(G) =
∏
v∈Vn
ristv(G).
G is called branch if it is transitive on each level and ristn(G) is a subgroup
of finite index in G for all n. G is called weakly branch if it is transitive on
each level Vn of T and ristv(G) is nontrivial for each v.
The boundary ∂T of a d-regular rooted tree is homeomorphic to a space
of infinite sequences {1, 2, . . . , d}N and hence is homeomorphic to a Cantor
set. For a d-tuple p = (p1, . . . , pd) of such that
pi > 0 for all i and p1 + . . .+ pd = 1 (4.1)
define a measure νp on {1, 2, . . . , d} by
νp({1}) = p1, νp({2}) = p2, . . . , νp({d}) = pd.
Let µp = ν
N
p be the corresponding Bernoulli measure on ∂T . For each level
Vn of a d-regular rooted tree an automorphism g of T can be presented in
the form
g = σ · (g1, . . . , gdn),
where σ ∈ Sym(Vn) is a permutation of the vertexes from Vn and gi are the
restrictions of g on the subtrees emerging from the vertexes of Vn.
9
Definition 4. We will call an element g ∈ Aut(T ) subexponentially bounded
(in the sense similar to polynomial boundedness of Sidki [19]) if the numbers
kn(g) of restrictions gi to the vertexes of level n not equal to identity satisfy:
lim
n→∞
kn(g)γ
n = 0 for any 0 < γ < 1.
A group G < Aut(T ) is subexponentially bounded if each g ∈ G is subexpo-
nentially bounded.
In [11], Proposition 2 the authors showed that for any subexponentially
bounded automorphism g and any p as in (4.1) the measure µp is quasi-
invariant with respect to the action of g. For a subexponentially bounded
weakly branch group G acting on a d-regular rooted tree and p be as in (4.1)
denote by κp the Koopman representation corresponding to the action of G
on (∂T, µp). Let ξA ∈ L
2(∂T, µp) stand for the characteristic function of a
measurable subset A ⊂ ∂T . From [11] (Corollary 3 and Lemma 4) we deduce
the following:
Proposition 3. Let G be a subexponentially bounded weakly branch group
acting on a d-regular rooted tree and p be as in (4.1) with pairwise distinct
pi. Then for every clopen set A ⊂ ∂T there exists a sequence of elements
gn ∈ G with supp(gn) ⊂ A such that:
lim
n→∞
(κp(gn)ξA, ξA) = 0. (4.2)
Using results of [11] we show:
Proposition 4. Let G be a subexponentially bounded weakly branch group
acting on a d-regular rooted tree and p1, p2, . . . , pd ∈ (0, 1) such that pi are
pairwise distinct and
d∑
i=1
pi = 1. Then the action of G on (∂T, µp) is measure
contracting.
Proof. Let A be a measurable subset of (∂T, µp). Since clopen sets approxi-
mate all measurable subsets of (∂T, µp) by measure arbitrarily well to show
that Definition 1 is satisfied we may assume that A is clopen. Let gn be a
sequence of elements from Proposition 3. Clearly, for large enough n condi-
tion 1) from Definition 1 is satisfied for gn. Assume that for some ǫ,M > 0
for all n condition 2) does not hold. Set
Bn = {x ∈ A :
√
dµp(gn(x))
dµp(x)
> M−1}.
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Then µp(Bn) > ǫ for all n and we have:
(κp(gn)ξA, ξA) = (κp(g
−1
n )ξA, ξA) >
∫
Bn
√
dµp(gn(x))
dµp(x)
dµp(x) > M
−1ǫ.
This contradicts to (4.2). It follows that for large enough n condition 2) from
Definition 1 is also satisfied for gn. This finishes the proof.
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